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Deriving the gravitational field of the high-energy objects is an important theme because the 
black holes might be produced in particle collisions in the brane world scenario. In this paper, we 
develop a method for boosting the metric of the stationary objects and taking the lightlike limit in 
higher-dimensional spacetimes, using the Kerr black hole as one example. We analytically construct 
the metric of lightlike Kerr black holes and find that this method contains no ambiguity in contrast 
to the four-dimensional case. We discuss the possible implications of our results in the brane world 
context. 
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^ I. INTRODUCTION 

o ; 

, Several scenarios in which the quantum gravity scale or the string scale might be O(TeV) have been proposed 0. In 
CN ■ these scenarios, our space is the 3-brane in large extra dimensions. These brane world scenarios attract much attention 
r*^ I because of their great significance, namely, the possibility of observing the quantum gravity effects in future-planned 
D ' accelerators. In the far above regime of the Planck energy, the characteristic scales of particle interactions are given 
[Jh by the gravitational radius of the system and the classical description is expected to become valid. In this energy 
■r^-j- . scale, the black hole production in the high-energy particle collision occurs. The phenomenology of the black hole 
' production in accelerators was first discussed in j3] , and subsequently a great amount of papers concerning this theme 
have appeared. 

One of the necessary investigations is to analyze the black hole formation in the high-energy particle system using 
^ [ the higher-dimensional general relativity. In the author's previous paper with Nambu Q, we numerically calculated 

1 I > the apparent horizon in the grazing collision of high-energy particles. Because the apparent horizon formation is the 

' sufficient condition for the black hole formation, our analysis provides the lowerbound of the cross section of the black 
. hole production. In this analysis, we used the metric of the massless point particle, which is obtained by boosting 
T— I ' the Schwarzschild black hole to the speed of light, fixing the energy p 0. However, there are various characters of 
the particle that might affect its gravitational field, namely, the electric charge, the color charge, the spin, the wave 
feature (which was recently pointed out in ^]), and the length of the string. Because one should be able to obtain 
Q the metric of high-energy objects to investigate these effects, the development of such methods is important. 

In this paper, we would like to propose the (probably) easiest method for deriving the metric of the objects which is 
I ^ boosted to the speed of light. Because using a simple example is useful for this purpose, we consider the lightlikc limit 
bJO' of the boosted Kerr black holes in higher-dimensional spacetimes. The higher-dimensional Kerr black hole solution 
^ ' was given by Myers and Perry 0. Although the higher-dimensional Kerr black hole can have more than one Kerr 
• ^ ,. parameter, we restrict our attention to the one with only one Kerr parameter a for simplicity. In this case, the 
■ singularity is a one-dimensional rotating ring. We consider two cases: the boost in the parallel direction to the spin 
^ , (i.e., the velocity vector is orthogonal to the plane with the ring singularity) and the boost in the transverse direction 
■ - - ' to the spin (i.e., the velocity vector is parallel to the plane with the ring singularity). In the boost, we fix the energy 
p and the Kerr parameter a. 

In the four-dimcnsional case, the lightlike limit of the boosted Kerr black hole fixing the energy p and the Kerr 
parameter a has attracted a lot of attentions. Lousto and Sanchez considered the lightlike boost of the Kerr black hole 
in the parallel direction to the spin f^. They just boosted the metric and succeeded in taking the lightlike limit. But 
because they expanded the metric in the calculation, it is applicable only at the distant region from the black hole and 
the physical interpretation is difficult. Further, their method contained ambiguity as pointed out in j^Q. Balasin 
and Nachbagauer proposed an alternative method They calculated the distributional energy-momentum tensor 
of the Kerr black hole and boosted it to the speed of light in arbitrary directions. Then they solved the Einstein's 
equation with this boosted energy-momentum tensor. Barrabes and Hogan proposed a somewhat easier method j9|. 
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in which they boost the Riemann tensor of the Kerr black hole to the speed of light and construct the spacetime so 
that it has the same curvature as the boosted one. There is also a related work by Burinskii and Magli 1U\. 

We choose the simplest method here: we just boost the metric without considering the energy-momentum tensor 
and the Riemann tensor. In this sense, our method is similar to that of Lousto and Sanchez, but we do not expand the 
metric. Using this method, we can analytically derive the lightlike Kerr metric in the higher-dimensional spacetimes. 
Although we reconfirm the ambiguity of this method in the four-dimensional case, we find that there is no such 
ambiguity in the higher-dimensional cases. Our analysis indicates that our method would be applicable for a wide 
class of solutions and shows the condition for deriving the analytic metric. It also indicates that we would be able to 
calculate the lightlike metric in the general cases at least numerically. 

Although our motivation is mainly mathematical, we also would like to point out two possible implications of our 
results. First, the Kerr black hole might provide the model of the gravitational field of a particle with spin. Although 
the spin angular momentum is different from the orbital angular momentum, there are several discussions about the 
relation between the spinning particle and the Kerr black hole Second, in the string theory, there are several 

discussions that some black hole solutions should be regarded as the elementary particles J^] , or the Kerr black hole 
might be a classical model for the gravitational field of some string 0, Q|. In the last section of this paper, we 
give brief discussions about the implications of our results from the viewpoint of these contexts and the brane world 
scenarios. 

This paper is organized as follows. In Sec. II, we analyze the boost of the Kerr black hole in the parallel direction 
to the spin. We propose the general strategy to obtain the lightlike limit by just boosting the metric and construct 
the analytic metric of the lightlike Kerr black hole. Then we show that there is no ambiguity in this method in the 
higher-dimensional cases and discuss the properties of the resulting metric. In Sec. Ill, we repeat the similar analysis 
and discussions in the case of the boost in the transverse direction to the spin. Sec. IV is devoted to summary and 
discussion. The discussion includes the advantage and the limitation in our method in general cases. We also discuss 
the possible implications of our results, namely, the effect of spin and the string length on the black hole formation 
in the collision of the high-energy particles. 



II. LIGHTLIKE BOOST IN THE PARALLEL DIRECTION TO THE SPIN 



In this section, we consider the lightlike limit of the Kerr black hole with one Kerr parameter a that is boosted 
in the parallel direction to the spin for total spacetime dimension number D > 5. We introduce the Kerr-Schild 
coordinate (t, xi,X2, yi) in which the metric becomes 
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' x\ . The total mass (the Arnowitt-Deser-Misner mass) M and the angular momentum J are given by 
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where Gd and denote the gravitational constant of the D-dimensional spacetime and the (D — 2)-dimensional 

area of the unit sphere, respectively. The singularity is rotating in the (ii, a;2)-plane. In the boost, we fix the energy 
p = 7M and the Kerr parameter a. Here, 7 is the usual 7 factor given by 7 = l/Vl — v"^ with the velocity of the 



Kerr black hole v. For convenience, we introduce P = 7^. Now we consider the Lorentz boost in the z direction: 



t = "f{t- vz), 
z — j{~vt + z), 



'^3 ~ ^Jt 



where j = 1,2. The boosted metric becomes 
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where ds\ = —dt^ + + dz"^ + dyf. In the limit u — > 1, this is reduced to 
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The strategy for obtaining this limit is as follows. We find the primitive function $ such that 
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Then the limit can be obtained by 
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As we will see later, $ is reduced to 
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where sgn(z — t) is determined by sgn(z — t) = 29{z — i) — 1 with the Heviside step function 9{z — t). Hence we obtain 



lim / = <P{X, Y)S{z -t) + — $ (7(2 - t), X, Y) . 
v^i dz 
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The key point for writing down the analytic form of the lightlike metric is whether we can obtain this primitive 
function $ or not. Note that $(X, F) comes from the even part of / with respect to z, and the odd part of / 
contributes only to $(7(2 — t),X,Y). Because we can show that the primitive function of the odd part becomes a 
finite value independent of z in the limit v ^ \ for all _D > 4, it does not affect the result. Hence we omit the term 
2z/f in eq. 1)121) hereafter. 

Now we construct the lightlike Kerr metric by finding the primitive function $ in the higher-dimensional cases. 
Using eq. we find the following relations: 
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Using these relations, we derive 

/ = lim sgn(z — vt) 
where a and (3 are given by 
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Now we introduce R = r^. Because z — corresponds to i? = a, we derive 
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Because taking the Hmit v 
derive 



^{R + a^){R-a){R- (3) 
1 for t =/= z corresponds to i? — )■ cx3 and each integral is finite at R = oo for I? > 5, we 
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The function ^{X, Y) is expressed by the elhptic integrals, although we do not show explicitly here because it is quite 
complicated. The primitive functions I^'^\r) necessary for this calculation are given in Appendix A. In summary, 
the metric of the lightlike Kerr black hole has the following form: 



ds^ = ds% + <i>{X,Y)d{z - t){dz - dtf 



(28) 



The spacetime is flat except aX z — t. The delta function indicates that the two coordinates in the regions z > t 
and z < t are discontinuously connected and there is the distributional Riemann tensor at z = t, which we call the 
gravitational shock wave. The function ^{X,Y) characterizes the structure of this shock wave and we call it the 
potential of the shock wave hereafter. 

Before looking at the behavior of the potential $ for Z? > 5, we would like to see what occurs in our method in 
the = 4, case. In this case, we should be careful in the following two points. First, there is no yi direction and we 
need not consider Because of this absence of yt, there are two possible cases for z=0: the R = X^ — o? case and 

the i? = case. Depending on these choices, we should adopt [X'^ — a? , R\ and [0, R\ as the integral regions of 
respectively. It turns out later that they lead to different results, which represent the solutions in the X > \a\ region 
and in the X < \a\ region, respectively. Second, because /j^'' logarithmically diverges at i? — s- oo, we should consider 
the $ part of the primitive function H15|l . If we take the choice such that z = corresponds to i? = X^ 
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and we find 
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On the other hand, adopting the other choice in which z = is equivalent to i? = 0, t'-f^ and l'^'' become 

2R + 2a^ - ^2 + 2^J(R + a'^)(R + a2 _ ^2) -log 
log|47^(z-t)2 



(29) 
(30) 

(31) 



lt^{R)=\og 




2a^ -X^ + 2y/a^{a^-X^) 
1 



1), 



(32) 
(33) 




FIG. 1: The behavior of the function <I> for D = 5, 8 in the parallel case. The unit of X and Y is a, and the unit of $ is 
P|a|^~''. In the case of D = 5, $ diverges at F = 0, X = ±a, which indicates that the singularity is a one-dimensional ring. 
In other cases, $ diverges at Y = 0, —\a\ < X < \a\. This implies that the singularity is a two-dimensional disk. 



which lead to 
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-2 log 



5{z~t) 
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The latter result H34() is defined only in the region \X\ < \a\. Because the former result (|31|) has the same value at 
\X\ = \a\ as that of eq. H34|l . lim^^i / can be extended to the region \X\ > \a\ using eq. 1)31(1 . Since we can eliminate 
the l/\z — t\ term using the proper coordinate transformation, we find that this result is the same as the previous 
result of [3 using the relation P — 2Gip. 

At this point, we should point out the ambiguity of this method for D = A. For example, we can consider the 
following form instead of eq. H29|l : 



(i^) ^ log 2i? + 2a2 -X^ + 2^{R + a^){R + a^~X^) /e^ + 9{X) - log X 



with arbitrary function g{X). This leads to 
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instead of eq. ((31|l . This ambiguity is the reason why the previous authors have developed the various methods 
other than just boosting the metric 0,0,0]. In fact, there would not exist the method to determine this factor 
g{X) rigorously without checking the consistency with the boosted energy-momentum tensor or the boosted Riemann 
tensor. Hence the above calculation is just the formal derivation of the lightlike Kerr black hole metric. However, we 
would like to point out that there is no ambiguity for the higher-dimensional cases, because the primitive function $ 
is finite in the limit v 1. Hence in the higher-dimensional cases, it is sufficient to consider the boost of the metric 
and we need not calculate the energy-momentum tensor or the Riemann tensor of this system. 

Now we discuss the properties of the potential ^{X, Y) in the higher-dimensional cases. Figure 1 shows the behavior 
of $(X, Y) for D = 5, 8. In the D = 5 case, the potential $ logarithmically diverges e.t X — ±a. Hence the shock 
wave contains a one-dimensional ring-shaped singularity. For D > 6, the potential $ diverges at y = 0, — |a| < X < \a\. 
Hence the singularity is a two-dimensional disk in these cases. This is interpreted as follows: For D ~ 5, the black 



hole horizon does not exist in the resulting spacetime because wc fixed a in the boosting. The singularity becomes 
naked and the potential $ diverges at the singularity. While for D > 6, the horizon exists for arbitrary M and a. 
Hence the resulting gravitational shock wave contains an extremely oblate horizon, on which the potential $ diverges. 
The function $ behaves like logy for D = 6 and for D > 7. One can undcrKtand this potential behavior 

using the Newtonian analogy. The Newtonian potential of n-dimensional matter distribution in A''-dimensional space 
is given by ^ for N — n > 2 and ~ — logr for N — n = 2. Because the shock wave is {D — 2) dimensional, 

the behavior of the potential $ and the dimensionality of the singularity have the same relation as the Newtonian 
gravity. Hence, we see that these results are consistent with our intuition and we expect that also in general cases we 
can guess the behavior of ^{X, Y) to a certain extent, even if the calculation of the primitive function of / cannot be 
proceeded. 



III. LIGHTLIKE BOOST IN THE TRANSVERSE DIRECTION OF THE SPIN 



In this section, we consider the lightlike limit of the boosted Kerr black hole in the transverse direction to the spin. 
In this case, we use a coordinate system {t, x, y, Zi) in which the metric of the Kerr black hole becomes 



-df + dx^ + df + ^ dz'^ 
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where ^ = 1, .D — 3, and Z and f are defined by 
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The singularity is rotating in the (x,y)-plane and we will consider the boost in the x direction. Again we fix the 
energy p = 7M and the Kerr parameter a in the boost and use the notation P = 7/i. By the Lorentz transformation 



the metric becomes 
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where dsp = —dt^ + dx^ + dy"^ + dzf. In the limit u — > 1, this is reduced to 
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where we have omitted the odd terms concerning x with the same reason as the parallel case. 

The method for obtaining this limit is the same as the parallel case. We find the primitive function $ and take the 
limit as follows: 



lini / (7(0; -vt),y,Z) = ^{ lim $ (7(0; - vt),y, Z) \ . 



Again $ is reduced to 
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and we obtain 
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Now we find the primitive function $. Using eq. 1391) . we find tlie following relations 
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Because taking the limit u — > 1 for t =/= z corresponds to i? ^ 00 and each integral is finite at i? = 00 for D > 5, we 
find 



$(X,r) = 2/(^^(00) - [Z^ + {y- a)2] (00) + 2a^y^4°\oo), 
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The function $ can be expressed in terms of the elementary functions for even D and in terms of the elliptic integrals 
for odd D. The formulas necessary for this calculation are given in Appendix B. 

Now we consider the D = A case before looking at the behavior of <i>. In this case, /j^'' is given by 

(R) = log [2i? - a - /3 + 2^(i?-a)(i?-/3)j - log (a - /3) 
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Although we should calculate two cases ay < and ay > separately because 12(00) and 13(00) contain \ay\, they 
give the same result: 
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FIG. 2: The behavior of the function $ for D — 5, 8 in the transverse case. The unit of y and Z is a, and the unit of "1> is 
P|a|^~*. For all D, $ diverges at Z — 0, ~a < y < a, which indicates that the singularity is a one-dimensional segment. 



This coincides with the previous results of . Again we should mention that there remains the ambiguity in the 
form of eq. because we can substitue the arbitrary function g{y, z) as follows: 



(i?) = log { [2i? - a - /? + 2 v/(i? - a) {R - / e^^y''^^ + g{y, z) ~ log {a - (3) . (64) 



Hence we are required to check the consistency with the boosted energy-momentum tensor or the boosted Riemann 
tennsor and thus the above derivation is just the formal one. For the higher-dimensional cases, there is no such 
ambiguity because all integrals H56|l . (|57|l and (|58|l are finite for i? ^ oo. 

Figure 2 shows the potential $ of the shock wave for D = 5,..., 8. For all D > 5, the potential diverges at 
Z = 0, —a < y < a. Hence in the transverse case, the singularity has the shape of a one-dimensional segment for all 
D > b. This is interpreted as follows. In the boost, the ring singularity becomes naked for D — b and the horizon 
becomes extremely oblate for Z? > 6. This singularity or the horizon is infinitely Lorentz-contracted in the direction of 
the motion. This leads to the segmental shape of the singularity in the gravitational shock wave. The behavior of the 
potential <I> around the singularity is ~ — log \Z\ for D — 5, and ~ 1/\Z\^~^ for D > 6. Similarly to the parallel case, 
we see that the relation between the potential behavior near the singularity and the dimensionality of the singularity 
is the same as the Newtonian gravity. The behavior of the potential is not symmetric to the y = plane. This is 
the manifestation of the fact that the lightlike Kerr black hole carries the angular momentum J = —2ap/{D — 2). 
The rotating singularity has the velocity in the direction of the boost at {y, Z) = (a, 0) and it has the velocity in the 
converse direction of the boost at {y, Z) = {—a, 0). Correspondingly, the divergence of the potential at (y, Z) = (a, 0) 
is stronger than the one at (y, Z) — {—a, 0). 



IV. SUMMARY AND DISCUSSION 



In this paper, we have developed the method for taking the lightlike limit of the boosted Kerr black holes in 
the higher-dimensional spacetimes. We analyzed two cases, the boosts in the parallel direction and in the transverse 
direction to the spin. Our method is quite simple: just boosting the metric without considering the energy-momentum 
tensor or the Riemann tensor. The problem is reduced to taking the limit w — > 1 of the function / of eqs. and 
(|45ll . We solved this problem by introducing the primitive function $ of /, taking the limit — > 1 of $, and then 
differentiating it. Because the primitive function $ is finite for the higher-dimensional cases, there is no ambiguity 



which occurred in the four-dimensional case. Hence, we consider that the boost of the metric is the simplest and 
easiest method in the higher-dimensional cases. 

We discuss whether this method works for the general systems. Also in the general systems, the lightlike limit of 
the metric would have the form like eq. or eq. (|45|l . The problem is whether we can construct the primitive 
function of /. If not, we cannot analytically derive the metric of the lightlike system. This is the limitation in our 
method. But even if we cannot find the primitive function of /, there remains the possibility that we can numerically 
construct the potential <&. Namely, if <& is reduced to the form like eqs. ()23(l . (|24|l . H25|l and H26(l . it is easy to calculate 
the potential $ at each point by numerical integrals. Hence, our analysis shows the direction of the calculation at 
which we should aim in general cases. We also would like to mention that we can guess the resulting potential $ to 
some extent even if we fail the above directions, because the results are quite consistent with our intuition. We can 
intuitively imagine the shape of the infinitely Lorentz-contracted source and guess the shape of the potential <f> by 
the Newtonian analog. 

Now we discuss the possible implications of our results in the context of the brane world scenario. There are several 
discussions that the Kerr black hole might provide the gravitational field of the elementary particle with spin 
especially motivated by the fact that the Kerr-Newman black hole has the same gyromagnetic ratio as that of the 
electron. We consider that this scenario is unlikely, because the electron in this model has the characteristic scale a, 
whose value is similar to its Conipton wave length. Furthermore, we do not have the criterion for determining a in the 
case of a massless spinning particle. However, we can expect that the spin has an effect on the gravitational field of 
the elementary particle, although the spin angular momentum and the orbital angular momentum are different. This 
expectation comes from the fact that the sum of the spin and orbital angular momentum is the conserved quantity. 
It is natural that the conserved quantity affects the spacetime structure. This expectation is strengthened by the 
following observation. If the black hole forms in the head-on collision of spinning particles, the produced black hole 
would have the angular momentum that corresponds to the sum of two spins. In order that the black hole has the 
angular momentum, the gravitational field of each particle should not be the same as that of the massless point 
particle given in 0. 

Because the lightlike Kerr black hole has the quite different gravitational field from that of the massless point 
particle, we can also expect that the spin of a particle has a large effect on its gravitational field. Hence it would 
affect the condition of the black hole formation in the high-energy particle collisions. To clarify this, the investigation 
of the Einstsein-Dirac system would be useful. As the first step, the classical field treatment would be appropriate. 
The formalism of this system was recently developed by Finster , and Finster et al. constructed the spin singlet 
state of two fermions [l^ . The generalization to the spin eigenstate of one particle and its lightlike boost would be 
an interesting next problem. 

Now we turn to the discussion about another possible implication, the relation between the Kerr black holes and the 
strings. In the string theory, there are several discussions that some black holes should be regarded as the elementary 
particles T^. Our formalism would also be applicable to these black hole solutions. Furthermore, Nishino and 
Nishino and Rajpoot discussed the fact that the Kerr black hole might be the classical model of the gravitational 
field around the closed string, simply because the Kerr black hole has the distributional energy-momentum tensor 
on its singularity. Hence, our boosted Kerr solution might have an implication for the black hole formation in the 
collision of high-energy strings with characteristic length scale a. 

Investigatiton of the properties of the black hole formation in the collision of two lightlike Kerr strings requires the 
analysis of the apparent horizon, which we have not done. But using the fact that each incoming Kerr string has a 
singularity with the characteristic scale a, we can discuss the condition for the black hole formation as follows. For 
some impact parameter b, we write the horizon shape in the case of the two-point-particle collision which has been 
calculated in ^J. Then we draw on it the shape of the singularity of the lightlike Kerr strings with Kerr parameter a. 
If the singularity crosses the horizon, the apparent horizon would not form for such b and a. Under this assumption, 
we can calculate the maximal impact parameter of the black hole production as a function of a. 

Figure 3 shows the expected maximal impact parameter bmax for the black hole production in the collision of two 
Kerr strings which are boosted in the direction of the spin. If the Kerr parameter a (i.e., the length of the string) is 
small compared to the gravitational radius of the system energy r^(2p), it does not affect the black hole formation. 
But 6niax decreases with the increase in a, and becomes zero at a ~ r/i(2p). We can write a similar figure in the case of 
two lightlike Kerr strings which are boosted in the transverse direction to the spin. Hence, the condition for &i„ax 7^ 
is written as a < rh{2p). If the Planck energy is O(TeV) and the string length a is similar to the Planck length, the 
gravitational radius for the two particle system becomes rfi{2p) ~ a if the incoming energy is (few) TeV. Hence the 
string length might have the effect such that it prevents the black hole formation. 

We should mention that the above discussion is not rigorous, because we do not know the validity of the assumption 
we have used. We can also have the totally different expectation, because in the higher-dimensional spacetime, the 
arbitarily long black hole can form as clarified by Ida and Nakao frP|. The higher-dimensional effect might lead to 
the formation of the long apparent horizon in the high-energy string collision depending on the shape of two strings. 
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FIG. 3: The expected relation between a and the maximal impact parameter &max for the black hole production in the collision 
of two lightlike Kerr strings boosted in the parrallel direction to the spin. The unit of axis is rh{2p). We see that 6max = in 
the case of a > rh{2p) for all D. 



If this is true, the cross section for the black hole production might be enhanced. Furthermore, we can also expect 
the formation of the black ring, which is the higher-dimensional black hole whose horizon topology is x S^~^. 
(See for the five-dimensional solution.) If the shape of two strings at the instant of the collision is similar to the 
ring, the ring-shaped apparent horizon that surrounds the two strings might form. Although the author and Nambu 
discussed one possible method to produce the black rings in particle systems in the previous paper it required 
more than two particles. If the black ring forms due to the effect of the string length, it would be the more interesting 
phenomena. To clarify the effect of the string length on the black hole formation in the high-energy string collisions 
would be the interesting problem to be tackled as the next step. 
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APPENDIX A: THE PRIMITIVE FUNCTIONS FOR PARALLEL CASE 

In this section, we provide the formulas that are necessary for calculating I^'^\oo) for i = 1,2,3 in the parallel 
case. Since the relations 

= (Al) 

lf\R)^a~-(l^^\R)-lf--\R)) (A2) 

hold, all we need are (co) for = 5,6, /2^''(oo) for = 5,6, and /3^''(oo) for D = 5,6, .... These are given in 
terms of the elliptic integral of the first kind A:), of the second kind /c), and of the third kind 11(0; c, k) which 
are defined by 



Jo Vl 



d9 



\/l — k'^ sin^ ( 



£;(0, fc) = r Vl - k^ sin^ ed0, 
Jo 



(A3) 



(A4) 



The results are as follows: 
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where 0i , 02 , , and A:2 are given by 
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Using these formulas, we can easily calculate /|^''(oo) for i = 1, 2, 3 and obtain the value of linii,^! / using eq. (|25|l . 



APPENDIX B: THE PRIMITIVE FUNCTIONS FOR TRANSVERSE CASE 



In this section, we provide the formulas that are necessary for calculating I^^\oo) for i = 1, 2, 3 in the transverse 
case. Since the relations 



/f)(i?) = a-(/f)(i?)-/f-)(i?) 
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hold, all we need are l[^\oo) for D = 5,6, I2^'{oo) for D = and I^'^' (oo) for D = A,b. These are given in 
terms of the elementary functions for even D, while they are given by the elliptic integrals IjASp . ljA4|l and (|A5I) and 
the complete elliptic integrals K{k) = F{-k/2, k), E{k) = E{t:/2, k) and n(c, k) = n(7r/2; c, k) for odd D. The results 
are as follows: 
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where (j) and k are given by 
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Using these formulas, we can easily calculate l'l^\oo) for i = 1,2,3 and obtain the value of lim^^i / using eq. H59|l . 
Although the resulting potential Z) is quite complicated in most cases, we found a rather simple formula only in 
the D = 6 case: 



Pa^ \aZ\ 



Z^ 



arctan 



2\aZ\ 



Z2 



2{y + a) f {y~af + Z^ 
a \iy + a)^ + Z^ 



(B15) 



[1] N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys. Lett. B 429, 263 (1998); L. Randall and R. Sundrum, 

Phys. Rev. Lett. 83, 3370 (1999). 
[2] S. Dimopoulos and G. Landsberg, Phys. Rev. Lett. 87, 161602 (2001); S.B. Giddings and S. Thomas, Phys. Rev. D 

65, 056010 (2001). 
[3] H. Yoshino and Y. Nambu, Phys. Rev. D 67, 024009 (2003). 
[4] P. Aichelburg and R. Sexl, Gen. Rel. Grav. 2, 303 (1971). 
[5] S.B. Giddings and V.S. Rychkov, Phys. Rev. D 70, 104026 (2004). 
[6] R.C. Myers and M.J. Perry Annals Phys. (N.Y.) 172, 304 (1986). 
[7] CO. Lousto and N. Sanchez, Nucl. Phys. B383, 377 (1992). 

[8] H. Balasin and H. Nachbagauer, Class. Quantum Grav. 11, 1453 (1994); 12, 707 (1995); 13, 731 (1996). 
[9] C. Barrabes and P. A. Hogan, Phys. Rev. D 64, 044022 (2001); D 67, 084028 (2003); D 70, 107502 (2004). 
[10] A. Burinsku and G. Magli, Phys. Rev. D 61, 044017 (2000). 

[11] W. Israel, Phys. Rev. D 2, 641 (1970); C.A. Lopez, Phys. Rev. D 30, 313 (1984); J. Kim, J. Korean Phys. Soc. 27, 479 
(1994). 

[12] A. Sen, Phys. Rev. Lett. 69, 1006(1992); A.Y. Burinsku, Phys. Rev. D 52, 5826 (1995); G.T. Horowitz and A. Sen, 
Phys. Rev. D 53, 808 (1996); A. Dabholkar, J. P. Gauntlett, J.A. Harvey, and D. Waldram, Nucl. Phys. B474, 85 (1996). 
[13] H. Nishino, Phys. Lett. B 359, 77 (1995). 
[14] H. Nishino and S. Rajpoot, Phys. Lett. B 540, 125 (2002). 
[15] F. Finster, J. Math. Phys. (N.Y.) 39, 6276 (1998). 
[16] F. Finster, J. SmoUer, S.-T. Yau, Phys. Rev. D 59, 104020 (1999). 
[17] D. Ida and K.I. Nakao, Phys. Rev. D 66, 064026 (2002). 
[18] R. Emparan and H.S. ReaU, Phys. Rev. Lett. 88, 101101 (2002). 
[19] H. Yoshino and Y. Nambu, Phys. Rev. D 70, 084036 (2004). 



